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Abstract
The k2-tree compact data structure has gained great popularity to represent binary relationships in main

memory. It presents a good performance and a good trade-off between storage and execution time. However,
datasets being too large, or limited resources, may prevent the dataset from fitting into RAM even in
compressed form. This work presents an experimental evaluation of a k2-tree in external memory (disk), in
terms data access (I/O operation or cache misses) and execution time for 4 types of common queries. We
compare the k2-tree with other data structures, namely a Quadtree (specifically, a Linear QuadTree, LQT) and
the classical adjacency matrix, all of them being in external memory. We used for the test both synthetical as
well as large, real world, datasets. Several aspects, such as the size of the memory cache and its replacement
scheme, or specific parameters like the arity (k value) of the k2-tree were considered in the experiments. In
terms of storage needs, the k2-tree clearly outperforms the other alternatives, in extreme cases needing only
1% of the LQT space, or 0.01% of the adjacency matrix (and for some large datasets neither the LQT nor the
adjacency matrix could be built). In terms of performance, except for cases with small datasets, where the
adjacency matrix is the best option for some queries, the k2-tree is either competitive or outperforms the
alternatives.
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1 INTRODUCTION AND PROBLEM DEFINITION

Typically, the different types of memory make up a hierarchy of levels that range from CPU registers, L2 cache, RAM, secondary
memory (online, usually disks) and tertiary memory (offline, such as tapes)1. Generally speaking, the memories closer to the
CPU are faster, but smaller and more expensive, while secondary or tertiary memories are slower, cheaper and with higher
capacity. In particular, accessing (either reading or writing) an item from RAM is orders of magnitude faster than accessing
secondary memory. That can be from hundreds or thousands of times faster, in the case of solid state devices, to millions, in the
case of the classic HDD magnetic disks. Although technological developments have increased the speed and capacity while
decreasing the cost, we expect the speed difference between main memory and disk will remain in the future. It is most probable
that we will keep dealing with fast, small and expensive memories and large capacity memories that are slower and cheaper.

In the cost model for secondary memory (we will use from now on secondary memory or disk interchangeably) one of the
main components of the processing time is the number of Input/Output (I/O) operations, that is, the number or page reads or
writes needed to process the data. It is common to use buffers, such as the OS buffer cache, that store disk blocks or pages in
RAM. Together with smart replacement techniques they can minimize the number or I/O operations. The locality of reference,
that is, accessing items located in nearby memory positions, is a key element to minimize the processing cost. In general, in the
cost model for secondary memory, data structures are encouraged to guarantee a high locality of reference in order to be efficient.

To efficiently use the main memory space we can use Compact Data Structures (CDSs), which are structures that store data in
compressed form, thus reducing storage, and are able to process the data without having to first decompress them2,3,4. That
capability allows us to process bigger datasets in main memory. Moreover, depending on the size of the datasets, CDSs may
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allow to store them in higher levels of the memory hierarchy (closer to the CPU), thus further improving the overall performance
of the CDSs.

During the last decades, CDSs have attracted much attention, both in academia and in the industry. They have been used in a
variety of data types, as integers arrays (for example, see5), text (for example, see6,7,8), and binary relations. In9 the authors
describe the k2-tree, a CDS originally devised to represent web graphs, but useful to represent any binary relationship. In the
field of search and information retrieval, classical CDSs include the Wavelet trees6,10,11, Compressed Suffix Array or CSA7,8 and
the FM-Index12. Enhancing spatial queries in Geographical Information Systems with CDSs was addressed in13,10. Moreover,
in14,15,16 the authors propose succinct Quadtrees to encode points and support queries over them, and in17 they are used to store
line segments and compute queries efficiently. More recently, compact data structures have also been used to solve classical
geometric problems18. The book3 has an excellent review on compact data structures.

Although CDSs make a great effort to reduce the storage costs and allow to process large data sets directly in main memory,
the volume of information increases on a daily basis, and the necessity to use secondary memory becomes unavoidable. Just the
huge amount of data generated by the Internet of Things or the social networks are a real proof of this statement. An additional
example is, in the field of astronomy, the telescope networks that generate datasets of terabytes per hour19. Consequently, it will
be very common that the datasets that applications must process will be too large to be stored and processed in main memory1,
even in its compressed form.

A well designed CDS, with a good use of locality of reference when accessing the data, should be efficient enough, even
when not all the information is stored in main memory and secondary memory must be used. The goal of this work is develop a
version of the k2-tree9 that can use secondary memory to store its information. We aim at preserving the advantages of both the
k2-tree (reducing the storage needs, the information is self-indexed) and the secondary memory (persistence, greater storage
capacity, lower prices).

As a summary, the main contributions of this work are the following:

• An implementation of the k2-tree compact data structure that resides in external memory, and can be accessed without cache,
or having a cache with LRU or LFU buffer replacement schemes (code publicly available at https://gitlab.lbd.org.es/lbd-
open/k2tree-disk).

• A detailed theoretical evaluation of the cost of the most common operations over k2-trees.
• A comprehensive empirical evaluation of the k2-tree, comparing it with a Linear Quadtree and an adjacency matrix, all of

them residing in external memory.

The rest of the paper is organized as follows. Sections 2 and 3 introduce some preliminary concepts and a review of the related
work. Section 4 describes our proposal: a k2-tree that can use external memory to store and query the information. Section 5
shows the empirical results of the experiments we conducted. Finally, Section 6 offers some concluding remarks and directions
for future work.

2 BACKGROUND

In this section, we introduce foundational concepts pertaining to binary relations and outline the quadtrees and k2-trees, data
structures designed for the representation of binary relations or spatial data.

Formally, a binary relation R is defined as a subset of the Cartesian product between two sets A and B, denoted as R ⊆ A × B.
Numerous problems can be represented or modeled through binary relationships (friendship relationships, web graphs of pages
pointing to other pages, among others). Typically, these relationships are represented using graphs (directed/undirected), trees,
inverted lists, or most basic approaches such as a binary matrix. In this case, the relationship can be seen as a set of points in a
two dimensional space.

2.1 Quadtree

In general terms, a quadtree20 is a tree-like data structure used to represent spatial information (thus, it is also capable of
representing any binary relationship). It works by hierarchically decomposing the space. There are several variations of this data
structure, the most well known being the region quadtree.
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Consider a binary matrix representing the space, where each cell is either a 1 or a 0. A region quadtree partitions the space
into 4 equal sized regions (quadrants: NW, NE, SW and SE). If all values in a quadrant are not of the same value, it is recursively
subdivided in futher subquadrants, possibly up to cell (pixel) level. If all cells share the same value, the node is left undivided.
Thus, the quadtree is represented by a nonbalanced 4-ary tree.

There are also different ways to represent a region quadtree. One of the most popular is the Linear Region Quadtree, o simply
Linear Quadtree (LQT)21, which basically assigns a code to each leaf of the quadtree based on its path from the root node of the
conceptual tree. We will use the implementation of the LQT in21 for our experiments.

2.2 k2-tree

The k2-tree compact data structure was initially designed to compactly represent a web graph2, but it is able to represent any
binary relationship or point in a (discrete) 2-D space. Actually, with k = 2, a k2-tree can be seen as a compact version of a region
quadtree.

The k2-tree is represented by a bitmap, which is created as follows. The building process divides the matrix into k2 equal-sized
submatrices, from left to right and from top to bottom. Each submatrix full of zeroes is assigned a 0, and it is not further
decomposed. If a submatrix contains at least a 1, it is recursively subdivided into k2 submatrices. The final level (the individual
cells) are represented in the bitmap with its cell value. The final representation is the breadth-first traversal of this conceptual tree.

For instance, consider Figure 1 to create a k2-tree with k = 2. The NE quadrant is full of zeroes, so its node gets a 0. The
remainder quadrants have ones, so they get a 1 and they are recursively decomposed. The bitmap T is the breadth-first traversal
of the internal tree nodes, and the L bitmap corresponds to the values at leaf level. The k2-tree is represented just using the
concatenation of T and L.

1 0 0 0
1 0 0 0
0 0 1 1
0 1 1 1

(a) Binary Matrix

1

1111

1

1000

01

0101

(b) k2-tree

T : 1011
L : 101000011111

F I G U R E 1 A binary matrix, its k2-tree conceptual representation, and the T and L bitmaps used to store it.

Being a compact data structure, the k2-tree does not include pointers in its representation. In order to navigate it, the most
important primitive would be to access the children of a node. The getChild(TL, i) function obtains, in a k2-tree represented by
TL, the first child of a node located at offset j in the bitmap (the siblings of this children would the the following bits). We define
getChild(TL, j) = rank1(TL, j) · k2. The rank1(TL, j) call returns the number of bits set to 1 in the bitmap, from its beginning up to
offset j.

For example (be aware that the bitmap starts at offset 0), the first child of the third child of the root (node 2) is getChild(TL, 2) =
rank1(TL, 2) · k2 = 2 · 22 = 8.

The rank1() method is very frequently used in compact data structures. Extending the bitmap with additional structures that
occupy o(n) space on the length of the bitmap, it can be executed in constant time (O(1)).

Considering a k2-tree that stores a relationship R ⊆ A × B, or a region in a 2D space, there are some fundamental types of
queries we can pose against it:

• CheckLink(a, b) returns true if the element a is related to the element b in k2-tree that stores the relationship. Sometimes
this operation is named Access(a, b), and it would be useful to test whether the point (a, b) exists, if the k2-tree is used to
represent spatial information.

• DirectNeighbors(a) returns the set of elements {bi ∈ B|(a, bi) ∈ R}. If the A elements are the Y axis and the B elements are
on X, this operation would retrieve all the ones in the row of a.
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• ReverseNeighbors(b) returns the set of elements {ai ∈ A|(ai, b) ∈ R}, or the ones in the column of b.
• Range(a1, b1, a2, b2) is a range or window query, which requires that the elements are sorted by some criteria. It would

retrieve all pairs (ai, bi) that exist in this range. Viewing the information as a region in a 2D space, it would retrieve
all points in the selected window. In our experiments we will also use Range⟨N⟩(a1, b1), which would be equivalent to
Range(a1, b1, a1 + N, b1 + N)

3 EXTERNAL MEMORY

Although compact data structures use lower amount of memory and allow us to store larger datasets in main memory, there are
many situations where datasets will not fit completely into the main memory. The rapid growth of data in many fields, specially
those related to the Internet of Things (IoT), social networks, or Big Data in general, is a reason for this. Another reason is the
use of smaller devices, such as embedded systems, with very limited RAM and CPU resources.

In these cases, when all data cannot fit into main memory, we can resort to the use of external (secondary) memory, usually
hard drives. In order to empirically evaluate data structures and algorithms to manipulate them over external memory, we need a
cost model. Vitter1 defined PDM (Parallel Disk Model), a model that bases its performance measurements in three aspects: the
number of I/O operations, the space used in disk by the data structure, and CPU efficiency, basically the time needed to answer a
query over the data structure. PDM makes some simplifications, such as considering that all I/O operations have essentially the
same cost, and it does not distinguish between random or sequential I/O operations. In this regard, Arge22 had suggested that
reading index structures, which implies random I/O operations, can be slower than accessing more data blocks in sequential reads.

Another important aspect to consider is the hard drive technology, if we want to consider the time needed for the algorithms
and data structures to complete an operation. The latency of RAM is usually some nanoseconds (about 15 nanoseconds in DDR4
memories). For classic, magnetic hard drives, it can be some milliseconds (so, 6 orders of magnitude slower), but for SSD or
NVMe devices can be as low as 250 microseconds, which is just 2 orders of magnitude slower than RAM. Additionally, SSD
devices have large asymmetrical latencies between reads and writes, due to the nature of writes. In order to write (program) a
block or SSD page, the target page must be empty, so it may need to be erased before the write. Other problems that degrade
the efficiency of SSDs are write amplifications (having to erase and program a larger number of pages than strictly needed for
a write) or interleaving read and write operations. Regarding the use of SSDs for algorithms and data structures, there is an
excellent survey of the state of the art on23. This work includes a proposal to adapt spatial indexes on external memory to SSDs,
specially adapting the eFIND24 and FAST25 frameworks.

In the case of our work, we will be conducting experiments that perform only searches, that imply read operations, but no
writes. Thus, the latter observations will not affect our measurements. Therefore, we will base our measurements on Vitter’s
model, basing it on the number of I/O operations, the space taken up by the data structures, and the time use to complete the
queries.

Finally, an aspect that can greatly affect the efficiency, mainly because it affects the number of I/O operations, is the main
memory cache used to cache the previously accessed external memory pages. The size of the cache, as well as the implemented
page replacement technique (LRU: Least Recently Used or LFU: Least Frequently Used, among others) are parameters that
must be considered in the evaluation.

4 OUR PROPOSAL: k2-tree IN EXTERNAL MEMORY

In this section we describe the design and implementation of the k2-tree on external memory. We also offer a theoretical analysis
of the performance of the 4 main types of queries posed over k2-trees.

4.1 Implementation Design

Figure 2 shows the classes and their relationships that are considered in the implementation of the k2-tree in secondary memory.
The Storage class implements read and write operations of a sequence of pages (objects of the page class) directly to/and from
the disk. The Storage class allows reading and updating a page randomly and inserting new pages at the end of the sequence.
The LFUCacheStorage and LRUCacheStorage classes extend the Storage class by implementing the LFU (Least Frequently
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Used) and LRU (Least Recently Used) page/block replacement policies, respectively. This design allows I/O operations to be
performed taking into account or not one of the replacement policies.

The ExternalBitVect class implements a bitmap in secondary memory. This class knows and manages the structure of the
pages in such a way that it can represent the bits of a bitvector in a sequence of these pages, and efficiently perform the Rank()
and Access() operations. The data structure for storing a bitvector is simple and based on the proposal in26 which divides the
bitvector into pages. Since the ExternalBitVect class is essential in our design of implementation, we provide more details below.

Let w be the size in bits of a word and D the number of words in a page, so D · w is the size of a page in bits. On each page,
a word is allocated, which we call h, to store the number of bits set to 1 in the bitmap, up to the previous page (that would
correspond to the value of the Rank operation). Thus h = 0 for the first page. This value is used to calculate Rank at any position
on the page without accessing previous ones. With the structure given to the pages it is very easy to implement the Access and
Rank operations. For Access(j), b = ⌊j/((D − 1) · w)⌋ returns the page number b of the sequence, where the jth bit is located.
Then, the page b is retrieved and through simple operations the value of the jth bit is obtained. In a similar way, we can solve
Rank1(j), that is, the page b is obtained and retrieved and the number of bits set to 1, up to the jth bit, is added to b.h. Note that
both operations require only one I/O operation. Later in this section, we show that by using block replacement techniques, it is
eventually possible to avoid I/O operations.

The ExternalK2Tree class is implemented using the ExternalBitVect class to store on disk the bitvector resulting from the
concatenation of the bitvectors T and L (T:L) that compactly encode a k2-tree. The k2-tree operations are implemented in the
ExternalK2Tree class in the same way in which is done in its original version (main memory)9. This is possible because the
ExternalBitVect class encapsulates the complexity to manage I/O operations. The theoretical analysis of the main operations is
carried out in Section 4.2.

ExternalK2Tree

ExternalBitvect

Storage

LFUCacheStorage LRUCacheStorage

Page

<<use>>

<<use>>

<<use>>

F I G U R E 2 Implementation architecture of the k2-tree in secondary memory

4.2 Temporal Theoretical Analysis

Our proposal has 4 methods to query the structure, which are analyzed by the amount of access to secondary memory. Some
observations about the use of cache are also included. For the analysis, let us assume that the k2−tree represents a binary relation
R between sets A and B, such that n = kx ≥ max(|A|, |B|), m = |R| and every internal node has k2 children. Also, let us assume c as
the size of cache, and recall that P = D · w (D words of size w) is the size of a page in secondary memory. Also, in the following
complexity analysis, the best case scenario is not considered, as it is always to query nodes with value equal to 0, needing just
one page of secondary memory (a 0 means that the node has no children, so the query can return immediately).
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4.2.1 CheckLink

Given two elements a, b, we want to know if they are in the binary relation represented on the k2-tree. We will consider only the
case where the pair (a, b) exists in the k2-tree, where CheckLink needs to calculate logk(n) children operations, visiting all the
logk(n) levels of the conceptual tree. In other case, if the pair does not exist, CheckLink would eventually find a 0 node and return.

Additionally, we can study two scenarios depending on the number of ones in the nodes: the worst case would be when the
nodes are filled with ones, but the expected case would have a mixture of zeroes and ones.
Worst Case Scenario: Since T:L is in secondary memory we have to retrieve its first page, which stores the the first Lev levels.
The worst case (maximum number of pages) would be when all the internal nodes up to level Lev are 1 (they have children),
which would be

Lev∑
i=0

k2i = P.

Therefore, we can assume that Lev = Θ(logk P). As the amount of internal nodes grows with levels, we can assume that from
level Lev beyond, every page contains (part of) one level.

Then, the number of access to secondary memory is

TW (n, m, k, P) = logk(n) −Θ(logk P).

Expected Case Scenario: If the data is clustered and the density of the data is low, we can expect that the amount of levels
on the first page to be higher. Let us suppose that d < k2 is the average amount of nodes with value 1 per level, which clearly
depends on the density and clustering of the data. As such, the first page contains the first Levd levels, such that

Levd∑
i=0

di · k2 = P.

Therefore, we can assume that Levd = Θ(logd
P
k2 ). Again, as the amount of internal nodes grows with levels, we can assume

that from level Levd beyond, every page contains (part of) one level.
Also, we can expect to visit a fraction of the levels, as the leaf can be higher than the last level. Then, number of access to

secondary memory is

TE(n, m, k, P, d) = Θ(logk(n)) −Θ

(
logd

P
k2

)
.

4.2.2 Direct and reverse neighbors

Direct and reverse neighbors (also known as Successors and Predecessors) work in the same manner in k2−tree, so the analysis
is the same.
Worst Case Scenario: The worst case scenario is having to report a row (or column) where it is needed to get to the last level of
the conceptual tree for every element. So, in every level, exactly k nodes are visited. As such, the amount of visited nodes are

logk n∑
i=0

ki = Θ(n).

Now, we know that in a worst case scenario, the number of levels on the first page is Lev = Θ(logk P). Therefore, the amount
of the visited nodes on the first page is

Lev∑
i=0

ki = Θ(P).

Again, as the amount of internal nodes grows with levels, we can assume that from level Lev beyond, every page contains
(part of) one level. Then, the worst case scenario calls

TW (n, m, k, P) = Θ(n − P)

pages.



7

Expected Case Scenario: In9, an analysis of a non-clustered scenario, it was expected to visit O
(√

m
)

nodes. As this is an
uniform distribution of the data, it is expected that a big fraction of the nodes in the first few levels must be accessed and, as before,
we expect that Lev = Θ(logk P) levels are in the first called page. At such, the amount of consulted nodes in the first page is O(P).

Again, as the amount of internal nodes grows with levels, we can assume that from level Lev beyond, every page contains
(part of) one level. Then, the expected case scenario gets

TE(n, m, k, p) = O(
√

m − P)

pages. If the data is clustered, the performance is indeed better than under an uniform distribution.

4.2.3 Range

Let us use occ as the number of reported relations inside range r = p × q.
Worst Case Scenario: The worst case scenario is that the algorithm needs to get the page with the first levels, every occ is in the
last level of the conceptual tree, and no internal node is shared between them after the first levels on the first page. Therefore:

TW (n, m, k, P, occ) = occ · (logk(n) −Θ(logk P)) + 1.

Expected Case Scenario: In3, the author studied the amount of visited nodes in an expected range query. The visited nodes
are separated in two types: nodes whose area is inside the range, called type 1, and nodes whose area intersects (but it is not
completely inside) the range, called type 2.

The amount of type 1 nodes (considering its empty children) is proven to be

O
(

occ · k · logk
p · q
occ

)
.

The amount of type 2 nodes (considering its empty children, but excluding its type 1 children) is proven to be

O(k · logk n + p + q).

Now, only type 1 nodes whose parents are type 2 nodes are expected to be alone in a page, as children are stored continuously.
In that case, the expected amount of accessed pages containing type 1 nodes are

O
(

occ · k · logk
p·q
occ

P

)
.

Type 2 nodes are in the border of the range, so an upper bound is to have one node per page in the lower levels, and the
amount of query nodes on the first few levels is expected to be almost linear (1 node per level), so the amount of type 2 nodes in
the first page on an expected case is the already calculated Levd = Θ(logd

D
k2 ). Therefore, the expected amount of accessed pages

containing type 2 nodes are

O
(

k · logk n + p + q − logd
P
k2

)
.

And then, the amount of access to secondary memory is expected to be

TE(n, m, k, P, d) =

O
(

occ · k · logk
p·q
occ

P
+ k · logk n + p + q − logd

P
k2

)
=

O(p + q + (occ/P) · k · logk n).

4.2.4 Use of cache

Using cache benefits our structure greatly when performing consecutive queries. Indeed, as the memory required to store the
k2-tree is orders of magnitude less than other secondary memory data structures, the probability of a cache hit is much higher
than with other structures.
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It is important to note that, for taller trees, a LFU strategy could not be so beneficial as a LRU strategy, as using LFU would
imply to have only the upper pages of the structure on cache, so every time a query needs to dig into the lower pages, it is likely
that those pages are not on cache and they are immediately replaced.

5 EXPERIMENTS

We present in this section a series of experiments to test the performance of k2-trees on external memory. We have three different
scenarios: First, we compare external memory k2-trees with a Quadtree. Specifically, we have used the Linear Quadtree (LQT)
implemented in21. Then, we compare the k2-tree with a classical data structure used to represent binary relations: an adjacency
matrix, also using external memory. Finally, we evaluate the behavior of the external memory k2-tree by itself, considering the
impact of variations of some parameters, such as the value of k. We used large real datasets to perform these last experiments.

All the coding was done in C++, and compiled with GNU g++ 11.4.0. The implementations of the external memory k2-tree
and adyacency matrix are our own, and are publicly available†. The LQT implementation was borrowed from Corral et al.21.

The experiments were run in two different machines, both having 16GB of RAM and using Ubuntu 22.04 as operating system.
The first one was a laptop with an AMD Ryzen 7 5800H processor, and an SSD disk capable of reading at 1196.27 MB/s. The
second one was a server with an Intel(R) Xeon(R) CPU E3-1225 v6 @ 3.30GHz processor and a magnetic HDD with a read
speed of 199.32 MB/s.

The experiments recorded many different variables, but we will focus on two of them for the discussion in this work: cache
misses and time to execute the query. A cache miss occurs when the algorithm tries to read a page and it is not in the cache, so it
leads to an I/O operation, which is one of the predominant factors when dealing with external memory. Timing is also important,
and it is greatly affected by the hardware architecture of the system running the code.

For the external memory, it is obvious that the disk technology has a great impact on the timings. However, the technology is
not so important when comparing the relative behavior of the different algorithms. We compared the times for 6 operations using
HDD (magnetic disk) and SSD devices, showing the results in Table 1. The Time column is the average time (for a batch of 50
queries) taken to complete the query, and CMiss is the average number of cache misses, that is, the number of pages that were
not found in the k2-tree cache. Taking reverse neighbor queries (the slowest one) as base (100%), we can see that, even when
the time values are different, the percentages are almost identical for HDD and SSD, so the efficiency of the algorithm is the
same regardless of the disk technology. For this reason, the rest of the results shown in this paper will include only one disk
technology, namely the SSD.

Another decision we had to make was whether to use the operating system buffer cache. We decided to use it, like many
applications (including relational database management systems) do: use an internal cache plus the operating system buffer
cache. In any case, we performed some tests using the O_DIRECT flag when accessing the files, to bypass the operating system
buffer cache, and the results were consistent with those presented in this paper. Works like1,27 indicate that the efficiency of
algorithms that use external memory are typically measured by the number of I/O operations (specially when, like our case, the
total time is dominated by the I/O time). Therefore, even when we also show timings in our results, we consider the cache misses
(where a searched page in our internal cache is not find ant it must be transferred from disk/operating system buffer cache) the
main measure of the efficiency of our algorithms.

We take into account other parameters that affect the behavior of the algorithms:

• The type and size of the cache. We considered three types: Cacheless, LRU, and LFU. We decided to establish the page size
as 1KB for the smallest datasets and 4KB for the larger ones, and measure the cache size in number of pages.

• The k parameter of the k2-tree. We have considered values 2, 4, and 8. This parameter affects the size of the k2-tree (and thus
the achieved compression ratio) and its height.

For the execution of the queries we considered an initial phase, what we called warm-up, which consists on posing a certain
number of CheckLink queries over the data structure. The objective of this phase is to avoid (for timing purposes) the bias that
can be introduced by the Operating System buffer cache, which can have a (positive or negative) impact on the time taken up by
the query.

The procedure to execute each batch of queries (all of the same type) is the following:

† Available at https://gitlab.lbd.org.es/lbd-open/k2tree-disk

https://gitlab.lbd.org.es/lbd-open/k2tree-disk
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Query
HDD SSD

Time(µs) CMiss Time % Time(µs) CMiss Time %

CheckLink 60.88 4.54 0.06% 37.66 4.54 0.06%
Range100 77.00 3.74 0.07% 46.00 3.74 0.08%
Range1000 285.94 3.10 0.27% 169.76 3.10 0.29%
Range10000 10,732.82 5.26 10.13% 6,418.54 5.26 11.03%
Direct 32,743.22 374.80 30.89% 18,146.58 374.80 31.18%
Reverse 105,996.66 1,753.40 100.00% 58,206.38 1,753.40 100.00%

T A B L E 1 Performance of HDD and SSD over road-network dataset, k2-tree (k = 4), LRU (cache size=100 pages). Time is
the average time taken up by the query, and CMiss is the average number of cache misses, for a batch of 50 queries.

1. The data structure cache is emptied.
2. The warm-up queries are executed.
3. The batch of queries is executed.

Each batch consisted of a number of queries that ranges from 50 to 1,000, depending on the dataset size. The reported query
time (in µs) to complete the query, as well as the cache misses (CMiss), correspond to the average of every batch of queries.

For the CheckLink query batches, 50% of the queries used a point that belonged to the dataset, and 50% did not. Range
queries were created by generating a random point and building a rectangular window around it, of the specified size (testing
that the window will fit into the matrix boundaries). For direct and reverse neighbor queries, random values, without duplicates,
were generated, in the range from 0 to n − 1 (being n the matrix size).

5.1 k2-tree vs Linear Quadtree and adjacency matrix

In this section, we compare the k2-tree with the linear quadree (LQT) and the adjacency matrix using generated synthetic data
sets. The chosen implementation of the LQT21 presents some constraints on the number of points it can index, as well as the
used cache (only LRU, not LFU) and query operations (only CheckLink is supported).

We created datasets with sizes ranging from (roughly) 52,000 to 838,000 points, with uniform and gaussian distributions. We
considered two matrix sizes: 1,024 and 2,048, and densities (m/n2, being m the number of points and n the matrix size) of 5%,
10% and 20%.

The tests include the CheckLink query with no cache, and with LRU. In this case, the query batches were composed of 100
queries, both for the warm-up queries and for the real CheckLink queries.

Table 2 shows the disk space required by the studied data structures. As we expected, all versions of the k2-trees require less
space than the adjacency matrix and especially less than the LQT (mainly due to the usage of pointers in the LQT). This happens
for all matrix sizes and all distributions of the points in the space. For example, with k = 4, the k2-tree uses in average between
1.0% and 2.0% of the LQT space, and between 24% and 42% of the space used by the adjacency matrix. We can also see that
the k2-tree compression ratio is worse (it uses more space) when the value of k is larger, and also when considering the uniform
distribution (which is less clustered than gaussian).

Tables 3 (without any cache) and 4 (cache using LRU replacement scheme) show the performance of the three data structures
in terms of disk page accesses, to evaluate the CheckLink query. We can see in Table 3 that the adjacency matrix has much less
accesses than LQT or k2-tree; about 25% of the LQT and 30% of the k2-tree. This is due to the matrix using always exactly one
I/O operation to answer the query (in this case, a whole row of the matrix fits into one page), while the k2-tree, in the worst case,
must descend the tree (which has a height of O(logk n)) until it reaches its leaves. This is also the reason for the performance of
the k2-tree to be improved when k increases, because the height of the k2-tree is reduced.

Table 4 shows the behavior of the data structures using a cache with an LRU replacement scheme (the chosen implementation
for the LQT does not include LFU). In this case we considered the cache misses (the average cache misses considering 100
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Matrix Num. Gaussian distribution Uniform distribution

Size Point LQT k = 2 k = 4 k = 8 Adj. LQT k = 2 k = 4 k = 8 Adj.

1024

52,429 2,785 27 31 40 130 2,963 53 81 127 130
104,858 4,452 37 40 48 130 5,936 82 114 131 130
209,715 4,865 55 53 61 130 11,812 119 135 132 130

2048

209,715 11,142 106 123 159 517 11,871 210 324 505 517
419,430 17,904 149 157 191 517 23,635 326 455 524 517
838,861 19,687 218 213 245 517 47,249 474 536 525 517

T A B L E 2 Size in KB of data structures: LQT, k2-tree (k = 2, k = 4, k = 8) and Adjacency matrix.

queries), which would force an I/O operation to retrieve the needed page from disk. We evaluated the CheckLink query with a
cache of 5, 10 and 20 pages. As expected, all data structures benefited from the use of cache, and of course the benefit increases
as the cache size does.

In general, all three data structures are very competitive under this cache scheme, but it is more significant in the case of the
k2-tree: it reduces its I/O operations to about a 20%, in average, of those needed for a cacheless scheme. This is easily explained
by the reduced space of the k2-tree (due to the compression), which allows to hold most of the k2-tree in the cache.

The effect of the data distribution can be seen again in this table: the k2-tree performs better for the gaussian distribution,
because having the data more clustered the k2-tree achieves a greater compression ratio. We can also see in this scenario, as it
happened in the cacheless scheme (Table 3), the positive effect of the arity (k value) on the k2-tree performance.

Matrix Num. Gaussian distribution Uniform distribution

Size Point LQT k = 2 k = 4 k = 8 Adj. LQT k = 2 k = 4 k = 8 Adj.

1024

52,429 3.8 2.4 1.8 1.3 1.0 4.0 4.2 2.7 2.5 1.0
104,858 3.9 2.5 1.8 1.5 1.0 4.0 4.3 2.8 2.5 1.0
209,715 3.9 3.1 2.1 1.8 1.0 4.0 4.6 2.9 2.6 1.0

2048

209,715 3.9 3.4 2.1 2.1 1.0 4.0 5.2 3.3 2.9 1.0
419,430 3.9 3.6 2.3 2.1 1.0 4.0 5.4 3.5 2.9 1.0
838,861 3.9 3.9 2.5 2.4 1.0 5.0 5.6 3.5 2.9 1.0

T A B L E 3 Average number of Disk Accesses (SSD) with cacheless scheme: LQT, k2-tree (k = 2, k = 4, k = 8) and Adjacency matrix.

5.2 k2-tree vs adjancency matrix

The chosen implementation for the Quadtree (LQT) had some limitations on the input size, so we conducted another series
of experiments considering only k2-trees and adjacency matrices with larger datasets than those of Section 5.1. Specifically,
we used sets of 1, 10, and 100 million points, with a matrix size of 218 × 218. Two synthetic datasets were generated, using
gaussian and uniform distributions. Regarding the space needed for the data structures, show in Table 5, we can highlight that
the adjacency matrix takes up the same space regardless of the data distribution and number of points (it is a binary matrix, so
each cell will have a 0 or a 1). As we expected, the k2-tree requires much less space, only between 0.04% and 10.5% of the
space needed for the adjacency matrix, they use more space when we increase its k parameter, and obtain higher compression
ratios for the gaussian distribution.

For the experiments we considered batches of 50 queries, both for the warm-up phase and the real experiments where the time
and cache misses were measured. We report these data only for the LRU replacement scheme because LFU consistently showed
worse behavior for both data structures. In this case, all query types defined in Section 2.2 can be considered.
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Matrix Num. Cache Gaussian distribution Uniform distribution

Size Point Size LQT k = 2 k = 4 k = 8 Adj. LQT k = 2 k = 4 k = 8 Adj.

1024

52,429

5 2.00 0.52 0.36 0.40 0.58 2.00 2.06 0.98 0.93 0.86
10 2.00 0.00 0.00 0.00 0.30 2.00 0.55 0.59 0.79 0.72
20 1.00 0.00 0.00 0.00 0.07 2.00 0.00 0.01 0.47 0.39

104,858

5 2.00 0.77 0.42 0.54 0.66 2.00 2.22 1.03 0.85 0.85
10 2.00 0.00 0.00 0.07 0.29 2.00 1.26 0.76 0.70 0.70
20 2.00 0.00 0.00 0.01 0.08 2.00 0.10 0.26 0.38 0.45

209,715

5 2.00 1.41 0.62 0.67 0.72 2.00 2.09 0.99 0.90 0.86
10 2.00 0.47 0.23 0.33 0.48 2.00 1.42 0.78 0.76 0.75
20 1.00 0.00 0.00 0.01 0.16 2.00 0.58 0.43 0.39 0.41

2048

209,715

5 2.00 2.31 1.23 0.90 0.89 2.00 3.15 1.74 1.08 0.96
10 2.00 1.50 0.77 0.64 0.78 2.00 2.73 1.45 0.95 0.94
20 2.00 0.46 0.43 0.34 0.61 2.00 1.71 1.01 0.88 0.88

419,430

5 2.00 2.61 1.37 0.87 0.88 2.00 3.35 1.76 1.03 0.97
10 2.00 1.70 0.82 0.70 0.76 2.00 2.96 1.59 0.96 0.91
20 2.00 0.78 0.39 0.33 0.55 2.00 2.19 1.16 0.85 0.84

838,861

5 2.00 2.59 1.38 0.99 0.93 3.00 3.23 1.72 1.05 0.99
10 2.00 1.86 1.06 0.83 0.86 3.00 2.89 1.45 0.99 0.95
20 2.00 1.14 0.61 0.67 0.78 2.00 2.27 1.12 0.94 0.87

T A B L E 4 Average number of Cache Misses (SSD) for CheckLink using LRU.

Num. Gaussian distribution Uniform distribution

Points Adj. k = 2 k = 4 k = 8 Adj. k = 2 k = 4 k = 8

1,000,000 8,405,028 3,216 5,940 14,728 8,405,028 3,836 7,208 17,464
10,000,000 8,405,028 24,008 43,056 99,772 8,405,028 30,232 55,696 138,988

100,000,000 8,405,028 159,724 269,616 612,840 8,405,028 221,192 391,988 881,028

T A B L E 5 Size in KB of data structures: Adjacency matrix and k2-tree (k = 2, k = 4, k = 8).

Tables 6 and 7 compare the behavior of both data structures for the uniform distribution. We can highlight from Table 6
that all operations run faster in the k2-trees, except for CheckLink. In this case, the adjacency matrix performs better (from 2
to 10 times faster), for all cache sizes and for all values of k. As in the previous subsection, this can easily be explained: for
the current dataset sizes, a row of the matrix fits into one disk page, so CheckLink(x, y) can be resolved by accessing just the
page that contains the row x, while the k2-tree must be navigated until an empty node or a leaf is reached. For the rest of the
operations, the k2-tree far exceeds the adjacency matrix. As an example, consider the k2-tree with k = 4. For the direct and
reverse neighbor queries, k2-trees take from 0.8% to 8% of the time taken by the adjacency matrix for the same queries. The
performance difference is larger if we consider range queries, reaching 0.03% in average.

The differences in execution times are usually consistent with differences on cache misses. For example, for CheckLink, the
adjacency matrix has always less cache misses and its execution time is always lower. However, there is a special case: the direct
neighbor queries. In this case, the adjacency matrix has a lower cache miss number than the k2-trees, but always a (much) larger
execution time. This can be explained by the fact that, in order to solve the query, the adjacency matrix must iterate over all the
bits that correspond to the matrix row that the direct neighbor query has to examine. This needs O(n) (in our case, 218) access
operations at bit level (which include some shifting and bit-wise operations). Comparing this behavior with the reverse neighbor
queries, we can see that the cache misses (and time execution) are again consistent, and extremely larger than the values for
direct neighbors. The adjacency matrix is stored “row by row”, so direct neighbor queries explore a contiguous space on the
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data structure, but the reverse queries (that retrieve a “column”) need to access separate pages of the data structure, even one
access per needed bit (the matrix size is 218 = 262, 144, which is exactly the number of cache misses). This explains the large
difference in the behavior of the adjacency matrix for direct and reverse neighbor queries. Conversely, the compression and
indexing capabilities of the k2-tree makes it perform better than the adjancy matrix, and with almost no difference between the
two types of queries.

Query
Cache Adj. Mat. k2-tree (k=2) k2-tree (k=4) k2-tree (k=8)

size Time(µs) CMiss Time(µs) CMiss Time(µs) CMiss Time(µs) CMiss

CheckLink

10 4.4 1.0 42.4 7.1 21.4 3.3 15.3 2.5
50 3.7 1.0 39.6 5.4 20.2 2.6 14.3 2.1

100 8.2 1.0 36.7 4.4 32.0 2.3 15.0 1.9
500 5.1 1.0 41.0 3.9 24.9 2.3 16.4 1.9

1000 7.4 1.0 43.4 3.9 28.8 2.3 16.5 1.9

Range100

10 24,384.8 202.2 80.5 8.2 60.6 3.4 125.1 2.9
50 22,548.0 202.2 75.4 5.7 58.7 2.7 127.0 2.1

100 22,393.9 202.2 75.4 3.9 59.8 2.1 127.9 1.8
500 22,509.1 202.2 74.0 3.0 60.2 2.0 144.0 1.8

1000 22,471.7 202.2 75.0 3.0 60.1 2.0 131.2 1.8

Range1000

10 2,161,077.6 2,122.6 4,943.6 86.7 6,271.3 10.6 7,363.8 7.3
50 2,173,870.0 2,122.6 4,585.3 14.5 6,278.6 9.5 7,339.7 6.1

100 2,152,514.9 2,122.6 4,650.5 11.8 6,327.1 7.9 7,374.8 5.0
500 2,153,782.6 2,122.6 4,563.7 5.2 6,278.7 4.3 7,446.7 3.7

1000 2,158,048.3 2,122.6 4,558.1 5.2 6,306.2 4.3 7,502.2 3.7

Range10000

10 215,530,665.2 32,235.7 291,245.7 3,282.8 294,816.3 46.4 568,516.8 62.9
50 216,027,756.2 32,235.7 269,851.6 48.1 285,869.9 43.6 563,148.1 62.3

100 217,120,979.2 32,235.7 271,773.0 42.4 287,523.7 39.4 562,507.9 59.2
500 215,400,043.4 32,235.7 272,298.4 12.5 297,420.4 14.9 572,982.3 44.3

1000 213,717,614.0 32,235.7 272,472.8 10.6 289,909.2 11.8 585,732.5 23.8

Direct

10 70,689.8 4.5 8,135.2 164.5 5,615.2 78.5 5,697.2 71.4
50 70,220.9 4.5 7,835.4 98.0 5,437.4 78.3 5,438.0 71.3

100 70,630.2 4.5 7,819.3 91.1 5,393.5 75.5 5,453.7 70.4
500 70,507.0 4.5 7,811.3 44.1 5,447.7 49.2 5,568.6 58.1

1000 70,716.5 4.5 7,568.0 17.4 5,487.0 33.7 5,481.8 50.4

Reverse

10 701,274.5 262,144.0 8,172.2 196.1 5,772.1 124.6 5,726.0 172.8
50 716,795.6 262,144.0 7,860.6 130.1 5,596.6 124.4 5,698.2 172.8

100 721,115.1 262,144.0 7,796.0 127.6 5,651.8 123.0 5,611.8 172.7
500 827,554.1 262,144.0 7,850.2 55.7 5,658.4 72.4 5,746.7 135.5

1000 731,670.6 262,144.0 7,439.9 17.2 5,660.8 39.5 5,656.1 105.6

T A B L E 6 Average Time(µs) and Cache Misses for 1M points collection (uniform distribution) over SSD, using LRU.

Table 7 shows, in a more condensed format, the behavior of the adjacency matrix and the k2-tree with k = 4 for all different
sets of points (1, 10, and 100 million points) using a uniform distribution. Let us focus on the range queries. As we can see, for
the adjacency matrix, the cache misses remain the same irrespective of the number of points in the matrix and the query times
vary only slightly. Since the matrix occupies always the same space, and the algorithm must perform the same iterations, this
stability in the cache misses and times was expected. The slight variation in the times is probably due to the time consumed by
the algorithm to build the vector containing the result, which we expect to be larger when the density of the matrix increases.

However, the density of the matrix does affect the size of the k2-trees, as we already discussed regarding the information
shown in Table 5. Higher densities produce larger k2-trees, so an increase in the cache misses and running times is logical. In
any case, the conclusions drawn from Table 6 remain: the adjacency matrix performs better only for CheckLink, and the k2-trees
clearly outperform it for all the remaining queries.
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Num.
Query

Adj. Mat. k2-tree (k = 4)
Points Time(µs) CMiss Time(µs) CMiss

1,000,000

CheckLink 8.24 1.00 32.00 2.26
Range100 23,235.47 202.22 59.84 2.08
Range1000 2,160,958.26 2,122.58 6,327.10 7.86
Range10000 215,263,893.33 32,235.68 287,523.66 39.38
Direct 70,630.23 4.50 5,393.48 75.48
Reverse 721,115.08 262,144.00 5,651.82 122.96

10,000,000

CheckLink 5.26 1.00 23.98 3.16
Range100 22,246.46 202.22 261.46 3.20
Range1000 2,160,714.82 2,122.58 45,370.80 18.92
Range10000 213,788,742.32 32,235.68 2,215,762.06 179.70
Direct 70,247.14 4.51 17,072.90 229.26
Reverse 750,843.66 262,144.00 17,055.30 363.42

100,000,000

CheckLink 11.58 1.00 25.20 3.38
Range100 24,809.06 202.22 1,499.18 4.52
Range1000 2,178,861.80 2,122.58 317,863.92 45.08
Range10000 215,362,311.44 32,235.68 15,535,741.38 845.08
Direct 70,287.40 4.50 50,384.38 522.44
Reverse 761,419.40 262,144.00 52,339.56 974.48

T A B L E 7 Performance of Adj. matrix and k2-tree (k = 4): uniform distribution, SSD, LRU (cache size = 100).

Table 8 shows the same information for the datasets that follow a gaussian distribution. Again focusing on the range queries,
we can conclude that neither the density nor the data distribution affects the behavior of the adjacency matrix: the size of the data
structure and the number of cache misses are the same, and the running are similar irrespective of the density and/or the data
distribution. For the k2-trees, however, both factors affect the size used by the structure, thus it will also affect its performance. It
shows a trend similar to the one in Table 7 for the uniform distribution, but with lower times for CheckLink, direct, reverse, and
small range queries (which was expected, as k2-trees work better with clustered data).

Another aspect that might seem inconsistent is that cache misses are lower for the Range100 operation than for CheckLink.
That can be explained by the fact that the shown value in the table is the average number of cache misses. The range queries
must explore more pages and will have more cache misses in the initial queries, but in the last ones many pages will already be
in the cache, so the “amortized” cache misses is lower. However, the CheckLink operation may take points that are far from each
other, so last queries do not benefit from the initial ones.

Finally, let us examine how the cache size affects the performance of the algorithms over the data structures. Figures 3-6 will
show the cache misses when the queries are posed over datasets (1, 10 and 100 million points) using a uniform distribution. All
the experiments used an LRU buffer replacement scheme and were run over an SSD device.

Figure 3 shows that, for the CheckLink query, the adjacency matrix has only 1 cache miss (it only has to read one page to test
if the given point exists), so having a large cache would only waste memory, and a cacheless scheme would obtain the same
results. The k2-trees, however, benefit from a larger cache, but as the figure shows, around 50-100 pages would produce the best
results for a trade-off between memory usage and performance.

For the direct neighbors query (Figure 4), the adjacency matrix has always a low cache miss (around 5), because the matrix is
stored row by row, and it can be explored sequentially. Thus, again a cacheless scheme or a small cache of about 5 pages would
suffice. Once more, k2-trees would take advantage of a larger cache. Again, in this case, a cache size of 100 pages would produce
good enough results. For the reverse neighbors query (Figure 5), we can see that the adjacency matrix has a very large number of
cache misses (recall that this query obtains a “column” of the matrix, so in most cases one page read is needed to test each bit of
the column). However, since only one bit is tested from each row, having a larger cache would not produce any benefits, as the
figure shows. For the k2-trees, again, it seems that for most cases the best cache size would be around 50-100 pages.
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Num.
Query

Adj. Mat. k2-tree (k = 4)
Points Time(µs) CMiss Time(µs) CMiss

1,000,000

CheckLink 5.02 1.00 20.04 1.78
Range100 23,549.36 202.22 30.46 0.38
Range1000 2,208,441.56 2,122.58 9,560.38 4.14
Range10000 218,626,474.72 32,235.68 362,106.48 31.88
Direct 70,142.40 4.52 4,040.98 49.28
Reverse 766,077.46 262,144.00 3,914.40 82.34

10,000,000

CheckLink 15.94 1.00 22.88 2.44
Range100 24,857.48 202.22 145.60 1.10
Range1000 2,179,865.06 2,122.58 66,859.62 12.78
Range10000 216,723,924.76 32,235.68 2,567,005.84 154.34
Direct 70,238.18 4.50 15,359.46 169.86
Reverse 774,030.86 262,144.00 12,988.24 266.34

100,000,000

CheckLink 5.08 1.00 36.82 2.54
Range100 24,849.96 202.22 929.54 1.94
Range1000 2,183,819.56 2,122.58 412,030.54 38.64
Range10000 215,491,201.46 32,235.68 15,561,157.66 774.30
Direct 70,328.92 4.52 46,870.20 401.72
Reverse 771,140.96 262,144.00 39,106.88 648.02

T A B L E 8 Performance of Adj. matrix and k2-tree (k = 4); gaussian distribution, SSD, LRU (cache size = 100).
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F I G U R E 3 Performance of CheckLink queries (uniform distribution, LRU, SSD).

Finally, range queries (Figure 6) exhibit a similar behavior than reverse neighbor queries: it appears that increasing the
cache size would have no beneficial effects for the adjacency matrix, and a cache of about 100 pages can offer a fairly good
performance for k2-trees, or possibly larger for the wider range queries.

5.3 k2-tree using large real world datasets

We present in this section the experiments conducted to evaluate the behavior of the k2-tree on external memory using large real
world datasets. We will verify again the impact of parameters such as the type and size of the used cache, or the k parameter of
the k2-tree. In this case, we evaluate the behavior of k2-trees alone, because the other alternatives were not able to reasonably
handle such large datasets: the chosen implementation of LQT was not able to build the Quadtree, and the adjacency matrix
would take up about 8 Petabytes of space.
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F I G U R E 4 Performance of direct neighbors queries (uniform distribution, LRU, SSD).
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F I G U R E 5 Performance of reverse neighbors queries (uniform distribution, LRU, SSD).
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F I G U R E 6 Performance of range queries on 1M dataset (uniform distribution, LRU, SSD).

The datasets contain spatial information coming originally from OpenStreet Map, and are offered by the SpatialHadoop
group28. They correspond to different geographical elements on a planetary scale, namely parks, buildings, and road networks.

The original datasets where in CSV files, having the geometrical information stored as WKT (Well Known Text). We have
extracted all the relevant points, with a resolution of 1/106 of a degree, and used them to build our k2-trees. Figure 7 shows the
shape of the datasets which, as they store terrestrial information, all resemble a world map. This figure shows the degree of
clusterization of the information, which is very relevant for the degree of compression obtained by the k2-trees.

The matrix size is the same for all datasets: 360M×180M points (longitude ranges from -180 to +180, latitude from -90 to
+90, and the precision was 1/106 of a degree). The number of points, as well as the file sizes and compression ratio, are show
in Table 9. Note that the Orig. size column represents, in MB, the theoretical size of a file that stores the points using a 32-bit
integer for each coordinate. The CSV files we used to generate the k2-trees where much larger.
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(a) Parks (b) Buildings (c) Road network

F I G U R E 7 Shape of the real datasets coming from OpenStreetMap data.

Dataset Num. Points Orig. Size k2-tree (k = 2) k2-tree (k = 4) k2-tree (k = 8)

Parks 305,326,851 2,329 1,296 (56%) 2,446 (105%) 6,135 (263%)
Buildings 613,819,101 4,683 1,914 (41%) 3,536 (76%) 8,701 (186%)
Road network 677,663,983 5,170 2,897 (56%) 5,470 (106%) 13,731 (266%)

T A B L E 9 Sizes of the real datasets (in MB)

For the experiments, like in the previous cases, we launched batches of 50 queries (after another 50 warm-up queries). For
CheckLink, half the query points were in the k2-tree and half of them were not. These same query points were used to perform
direct and reverse neighbor queries, and the range queries were also centered in them.

First, we examine the behavior of the k2-tree to evaluate the queries using different page replacement schemes, cache sizes,
and values of k.

We can highlight, from what Table 10 shows, the better performance, measured in terms of cache misses and execution time,
of LRU versus LFU for most of the queries and all of the values for k and cache sizes. This better performance is more noticeable
in direct and reverse neighbors queries, which are usually the most expensive in computational terms. For example, for direct
neighbors, both cache misses and execution time for LRU are about one half of what LFU obtains, and for some cases of reverse
neighbors LRU can achieve less than 6% of the LFU cache misses. This is consistent with what we found in the previous tests,
with smaller, synthetic datasets. We do not show in this table the results for the cacheless scheme, because (again, consistent
with previous experiments) it always has a worse performance.

Let us use a more graphical approach (Figures 8-10) to show the behavior of the operations depending on the cache size and
the value of k, which will produce similar conclusions as the previous experiments. For almost all the situations, a bigger value
of k obtains better performance, with less cache misses (at the expense of more space being used), and a cache size of around
50-100 pages provides a good performance.

Figure 8 shows the results for the CheckLink query. We can see that the pattern is similar for all datasets, and a cache of 100
pages would produce a good trade-off between memory usage and performance.

Figure 9 shows that, for Range10000 queries, that the k2-tree with k = 2 has a bad behavior without cache, but with 50 or
more pages it performs reasonably well. For higher values of k, the cache size seems more irrelevant, but a value of 50-100 pages
would again produce a good performance. This figure also shows that values of k = 4 or k = 8 have virtually the same behavior.

Finally, for the direct neighbor queries (and that would also be the case for reverse neighbors) we find again that the k2-tree
obtains similar results for k = 4 and k = 8, but slightly lower performance (more cache misses) with k = 2.

From the data in these figures, we can conclude that queries that are more selective (like CheckLink) are more affected by the
arity of the k2-tree (the value of k), while for less selective ones it is not so important. In most cases, regardless of the k value
and the type of query, a cache size of around 50-100 pages is a good trade-off between used memory and performance.

As a final summary, Table 11 shows the k2-tree performance for the 3 datasets, considering a k2-tree with k = 4 and what we
concluded is a good configuration: LRU buffer replacement scheme, and a cache size of 100 pages. We can see that the k2-tree
times do not always escalate proportionally to the dataset sizes or its number of points (see Table 9). This happens because
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Query

Cache k2-tree (k = 2) k2-tree (k = 4) k2-tree (k = 8)

Size LFU LRU LFU LRU LFU LRU

Time(µs) CMiss Time(µs) CMiss Time(µs) CMiss Time(µs) CMiss Time(µs) CMiss Time(µs) CMiss

CheckLink

10 63.82 9.32 57.48 10.54 93.38 4.76 30.68 5.54 58.54 3.22 20.10 3.46
50 66.40 9.00 59.04 9.40 34.12 4.48 31.16 4.60 26.48 3.12 21.14 3.26

100 64.62 8.70 59.32 8.94 34.92 4.46 37.66 4.54 29.80 3.10 34.24 3.10
500 75.68 8.44 67.94 8.44 37.60 4.38 35.42 4.38 26.70 3.08 25.12 3.08

1000 72.72 8.44 67.86 8.44 37.30 4.38 35.52 4.38 26.86 3.08 24.72 3.08

Range100

10 86.70 13.50 63.84 9.04 65.22 6.88 46.16 4.56 131.62 5.88 113.26 3.24
50 80.94 11.42 63.44 7.72 55.18 4.58 45.72 3.80 121.04 3.32 90.54 3.00

100 76.04 9.08 63.46 7.28 52.58 3.70 46.00 3.74 133.98 2.88 92.36 2.88
500 75.34 6.86 69.88 6.86 55.38 3.60 48.48 3.60 122.68 2.86 94.28 2.86

1000 74.50 6.86 70.12 6.86 55.12 3.60 48.62 3.60 122.54 2.86 95.56 2.86

Range1000

10 203.88 36.68 133.10 9.28 265.88 24.38 171.44 3.84 509.62 16.10 340.26 2.66
50 187.72 27.80 118.06 5.60 236.82 9.28 168.78 3.16 521.14 3.06 366.48 2.40

100 158.04 14.40 116.94 5.26 218.10 3.16 169.76 3.10 481.48 2.28 338.66 2.30
500 137.86 4.88 118.62 4.88 220.72 2.98 170.08 2.98 479.84 2.28 343.20 2.28

1000 138.46 4.88 118.26 4.88 223.58 2.98 170.44 2.98 473.70 2.28 339.56 2.28

Range10000

10 10,498.56 1,927.56 5,990.12 233.70 10,537.84 920.42 6,640.32 6.24 18,200.86 539.36 12,152.78 6.30
50 10,140.88 1,741.72 5,289.36 8.60 10,236.44 796.54 6,291.94 5.38 17,891.38 453.88 11,958.52 5.82

100 9,624.06 1,516.42 5,237.08 8.28 9,658.20 502.32 6,418.54 5.26 17,118.90 188.20 11,807.42 5.76
500 6,639.74 7.80 5,205.24 7.80 8,717.90 5.10 6,312.74 5.10 17,198.86 5.60 11,866.02 5.60

1000 6,566.24 7.80 5,218.06 7.80 8,616.52 5.10 6,318.46 5.10 16,865.60 5.60 11,723.90 5.60

Direct

10 54,271.60 11,969.92 29,794.04 1,700.26 39,346.26 6,964.96 18,832.38 412.30 36,410.90 4,984.40 19,087.24 371.70
50 54,624.02 11,852.16 27,151.54 530.64 35,628.10 6,922.50 18,621.80 376.28 33,476.70 4,899.98 18,594.98 353.34

100 53,380.32 11,785.08 26,632.14 527.04 35,942.04 6,781.18 18,146.58 374.80 33,240.88 4,862.10 18,938.42 352.14
500 52,552.64 11,242.88 26,447.68 525.96 35,280.96 6,454.70 18,044.00 374.32 32,719.48 4,576.40 18,586.14 351.34

1000 50,839.10 10,751.80 26,244.22 524.70 33,768.12 6,046.94 17,986.02 373.56 31,826.50 4,205.06 18,295.48 350.86

Reverse

10 171,304.34 38,319.96 93,872.54 5,310.30 124,148.24 22,320.94 60,930.44 1,924.44 120,151.58 15,841.34 61,852.88 2,071.36
50 170,626.64 37,832.00 84,647.00 2,016.60 111,963.22 21,965.58 58,589.22 1,761.76 105,601.56 15,603.62 60,540.16 1,969.26

100 168,006.02 37,533.16 84,042.68 2,000.14 111,298.96 21,830.96 58,206.38 1,753.40 103,874.62 15,355.02 60,173.60 1,963.10
500 166,500.58 36,160.64 82,380.26 1,996.10 110,286.06 20,864.78 58,048.90 1,750.46 105,202.46 14,716.66 60,064.78 1,958.88

1000 164,858.14 34,965.64 81,967.10 1,993.78 109,682.52 20,174.66 57,995.44 1,748.76 102,326.12 14,196.00 60,853.56 1,957.78

T A B L E 10 Performance of k2-trees for the dataset road-network.

0 200 400 600 800 1000
Buffer Size

3

4

5

6

7

8

9

10

Ca
ch

e 
M

iss
es

Check Link Query (Parks)
k=2_LRU     
k=4_LRU     
k=8_LRU

(a)

0 200 400 600 800 1000
Buffer Size

3

4

5

6

7

8

9

10

Ca
ch

e 
M

iss
es

Check Link Query (Buildings)
k=2_LRU     
k=4_LRU     
k=8_LRU

(b)

0 200 400 600 800 1000
Buffer Size

3

4

5

6

7

8

9

10

Ca
ch

e 
M

iss
es

Check Link Query (Road Network)
k=2_LRU     
k=4_LRU     
k=8_LRU

(c)

F I G U R E 8 CheckLink queries on (a) parks, (b) buildings and (c) road-network, different cache sizes, SSD.

k2-tree are specially affected by the degree of clustering of the data and, as Figure 7 shows, the shapes of the dataset are different,
having different clustering patterns. This is particularly noticeable for the Buildings dataset and the range operations.

6 CONCLUSIONS

This work presents an implementation of the k2-tree, a compact data structure that can be used to efficiently represent and
query binary relationships or any other data represented as a binary matrix, that resides in external memory. This disk-based
k2-tree can be accessed without a cache, or with it, considering diferent sizes, and LRU and LFU as the replacement schemes.
We implemented the algorithms to solve the most common queries over k2-trees: CheckLink (or Access), direct and reverse
neighbors, and range queries. We provide a theoretical analysis of the cost of these algorithms.
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F I G U R E 9 Range10000 queries on (a) parks, (b) buildings and (c) road-network, different cache sizes, SSD.
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F I G U R E 10 Direct neighbors queries on (a) parks, (b) buildings and (c) road-network, different cache sizes, SSD.

Query
Parks Buildings Road Network

Time(µs) CMiss Time(µs) CMiss Time(µs) CMiss

CheckLink 31.36 4.34 32.36 4.24 37.66 4.54
Range100 52.30 3.46 106.60 3.58 46.00 3.74
Range1000 393.44 3.48 4,429.90 5.88 169.76 3.10
Range10000 16,319.72 6.78 185,072.34 18.26 6,418.54 5.26
Direct 11,339.86 226.58 9,474.92 212.74 18,146.58 374.80
Reverse 35,934.02 1,016.48 21,795.74 594.30 58,206.38 1,753.40

T A B L E 11 Performance of k2-trees (k=4) for real datasets, with LRU (cache size=100).

We have also conducted a thorough empirical evaluation of the k2-tree, considering different values for k, different cache sizes
and replacement schemes. The k2-tree performance, considering I/O operations (usually counting cache misses that would lead
to I/O operations) and the running time to execute the queries, was compared with two well established data structures: a Linear
Quadtree, and an Adjacency matrix.

From these experiments we can conclude that, in terms of storage space, the k2-trees are clearly the best option, even
considering values of k greater than 2. It is important to point out that, for large datasets, neither the LQT nor the adjacency
matrix could be built. For the latter, it would require over 8 Petabytes to build our large, real world datasets.

In terms of performance, k2-trees are also the best option in general: it is always competitive, and in most cases it outperforms
its alternatives. The only exception is the CheckLink query, for which the adjacency matrix always solves with only one I/O
operation. However, for more complex operations, like range queries, the k2-tree can be up to hundreds of times faster.

As for the scalability, we showed that k2-trees escalate well, and that the use of a cache clearly improves their performance,
without needing extremely large cache sizes. As the experiments demonstrate, with about 50 to 100 pages, k2-trees perform well
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for large datasets. A k2-tree with k = 4, a cache of 100 pages, and an LRU replacement scheme, showed to be the best alternative
in our experiments.

Our proposal has two aims: become an alternative to represent compact data structures in external memory, and being a
reference for future works on this same line.

As a future work, we plan to improve the implementation of the k2-tree, taking into consideration not only the compression
but also other fundamental properties such as the locality of reference. That would probably diminish the number of cache
misses and thus improve the overall performance for the most frequent query types over the k2-tree.

In this sense, we are considering an approach that follows the idea of B-heaps29 where the k2-tree bitmap would not represent
the breadth-first traversal of the conceptual k2-tree, but something closer to a depth-first traversal (this could directly benefit, for
example, the CheckLink operation). To ensure a fairer comparison, several adaptations of the adjacency matrix (such as Morton
codes or Hilbert curves) will also be taken into account. Other versions of k2-trees that would be suitable to be implemented
on disk include the hybrid k2-tree (that has 2 values of k, usually a higher value for upper levels and a lower value for lower
levels) or a version where the bitmap L is encoded using a matrix vocabulary. Additionally, more advanced statistical analyses
(significance tests or confidence intervals for experimental results, among others) will be performed.

We are also considering the study, under the external memory model, of different compact data structures, such as the wavelet
tree, DACs, compressed suffix arrays, or the FM-Index.
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